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lowing nonzero strain components:

ε11 =
σ11

E1
− ν12

E1
σ22

ε22 =
σ22

E2
− ν12

E1
σ11

ε33 = −ν13
E1

σ11 −
ν23
E2

σ22

Using the maximum strain failure criterion and substituting σ11 = σ0, we have

− X

E1
<

σ0

E1
− ν12

E1
σ22 <

X

E1

− Y

E2
<

σ22

E2
− ν12

E1
σ0 <

Y

E2

− Z

E3
< −ν13

E1
σ0 −

ν23
E2

σ22 <
Z

E3

which can be reduced to be

σ0 −X

ν12
< σ22 <

X + σ0

ν12

−Y +
ν12E2

E1
X < σ22 < Y +

ν12E2

E1
X

−ν13E2

ν23E1
X − ZE2

ν23E3
< σ22 < −ν13E2

ν23E1
X +

ZE2

ν23E3

Because Poisson’s ratios are all positive, we can conclude

max

(
σ0 −X

ν12
,−Y +

ν12E2

E1
X,−ν13E2

ν23E1
X − ZE2

ν23E3

)
< σ22 < min

(
X + σ0

ν12
, Y +

ν12E2

E1
X,−ν13E2

ν23E1
X +

ZE2

ν23E3

)

The possible values ofσ22 for which the material does not fail depend onσ0 and
Young’s moduli, and Poisson’s ratios in addition to the strength parameters. This
result is clearly different from what one could obtain from the maximum stress failure
criterion which is

−Y < σ22 < Y

In general, the maximum stress criterion and the maximum strain criterion will predict
different results even if the material is linear elastic up to the failure.

6.3.2 Tsai-Hill failure criterion

Maximum stress (strain) criterion applies the failure criterion to individual stress compo-
nents. The clear inconsistency is that the corresponding strengths are measured under uni-
axial stress states by designing the experiments such that only one stress component exists
in the material. However the material in real structures is usually subjected to a multi-axial
stress state with the possibility that all six stress components exist. By subjecting individ-
ual stress components in Eqs. (6.19), (6.20), and (6.21), this failure criterion completely
neglects the interaction among different stress components. For example, a material fails
under uniaxial stress state whenσ11 = X or σ22 = Y , however when it is subjected to
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the biaxial loadingσ11 = X andσ22 = Y simultaneously, the material may have already
failed or is still safe depending on the material.

As a remedy for this deficiency, Hill [61] extended the Mises failure criterion to or-
thotropic materials such that

f = F (σ22−σ33)
2+G(σ33−σ11)

2+H(σ11−σ22)
2+Lσ2

23+Mσ2
13+Nσ2

12 = 1 (6.22)

with F,G,H,L,M,N as strength parameters for this failure criterion which arecalibrated
by experiments. Tsai [62] applied this failure criterion toUDFRCs by calibrating these
parameters from tests of the normal strengths in three material principal directions and
shear strengths in three orthogonal planes of symmetry. Because of its application of com-
posites, we thus call this failure criterion as the Tsai-Hill failure criterion. This criterion
assumes that the material has the same normal strength in both tension and compression.
By applying this failure criterion to simple tension tests and shear tests when only one
stress component is equal to its corresponding strength andall the other stress components
vanish, we have

(G+H)X2 = 1 for σ11 = X and other components vanish

(F +H)Y 2 = 1 for σ22 = Y and other components vanish

(F +G)Z2 = 1 for σ33 = Z and other components vanish

LR2 = 1 for σ23 = R and other components vanish

MT 2 = 1 for σ13 = T and other components vanish

NS2 = 1 for σ12 = S and other components vanish (6.23)

which can be used to determine the following

2F =
1

Y 2
+

1

Z2
− 1

X2

2G =
1

X2
+

1

Z2
− 1

Y 2

2H =
1

X2
+

1

Y 2
− 1

Z2

L =
1

R2

M =
1

T 2

N =
1

S2
(6.24)

Having measured the tensile strengths in three material principal directions and shear
strengths in the three planes of orthotropic symmetry, we can evaluate the failure function
f in Eq. (6.22) with the strength parameters determined by Eq.(6.24) to check whether the
material fails under a general stress stateσij .

6.3.2.1 Plane-stress reduced Tsai-Hill failure criterion For a thin composite laminate,
we commonly assume that the stress state is plane-stress which impliesσi3 = 0. The Tsai-
Hill failure criterion in Eq. (6.22) is simplified to be

f = (G+H)σ2
11 + (F +H)σ2

22 − 2Hσ11σ22 +Nσ2
12 = 1 (6.25)
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with G+H = 1
X2 , F+H = 1

Y 2 , N = 1
S2 . If we further assumeZ = Y , which implies that

the tensile strengths along the two transverse directions of a unidirectional fiber reinforced
composite are equal, we have2H = 1

X2 according to Eq. (6.24). The Tsai-Hill failure
criterion can be rewritten as

f =
(σ11

X

)2
+
(σ22

Y

)2
− σ11

X

σ22

X
+
(σ12

S

)2
= 1 (6.26)

Recall that we have assumed that the tensile strength is equal to compressive strength
along three principal material directions. This does not agree with what we measure from
most fiber reinforced composites. In other words, we will have a total of four normal
strengths (two tensile and two compressive,X,Y andX ′, Y ′) for the plane-stress state.
In some applications of the Tsai-Hill failure criterion in Eq. (6.26), we substitute tensile
strength to positive normal stress and compressive strength to negative normal stress. For
example, if the stress state isσ11 > 0 andσ22 < 0, the Tsai-Hill failure criterion is
expressed as

f =
(σ11

X

)2
+
(σ22

Y ′

)2
− σ11

X

|σ22|
X ′ +

(σ12

S

)2
= 1 (6.27)

6.3.2.2 Equivalence of Tsai-Hill criterion and Mises crite rion for isotropic materials
We also want to examine whether the Tsai-Hill failure criterion is equivalent to the Mises
failure criterion for isotropic materials. For isotropic materials, we haveX = Y = Z,R =
S = T . Thus, the 3D Tsai-Hill failure function for isotropic materials can be expressed as

f =
(σ22 − σ33)

2

2X2
+

(σ33 − σ11)
2

2X2
+

(σ11 − σ22)
2

2X2
+

σ2
23

S2
+

σ2
13

S2
+

σ2
12

S2

=
1

2X2

[
(σ11 − σ22)

2 + (σ22 − σ33)
2 + (σ33 − σ11)

2 +
2X2

S2

(
σ2
23 + σ2

13 + σ2
12

)]

(6.28)

For it to be equivalent to the Mises failure criterion in Eq. (6.10), we require2X
2

S2 = 6

or X =
√
3S, which is the condition for the Mises criterion to be equivalently calibrated

either using the simple tension test or the simple shear test.

EXAMPLE 6.6

Strength analysis of a composite lamina: Suppose that a composite layer can be as-
sumed as a homogeneous material. The composite material hastensile strength along
fiber direction asX=100 ksi, tensile strength along transverse direction asY =9 ksi,
and in-plane shear strength asS=15 ksi. The material behaves linearly elastic up to
failure. An off-axis lamina is loaded by a tensileσ0 as shown in Figure 6.10. Predict
the maximum allowableσ0 as a function of the fiber orientation angleθ3 according to
the maximum stress criterion, the maximum strain criterion, and the Tsai-Hill crite-
rion.

Solution: First, we need to evaluate the stress components in the material coordi-
nate system (xi) sinceσ0 is in the problem coordinate systemx′

i. We have

σ11 = cos2 θ3σ0

σ22 = sin2 θ3σ0

σ12 = − cos θ3 sin θ3σ0
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Figure 6.10 An off-axis lamina loaded by uniaxial tension.
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According to the maximum stress criterion, the lamina failswhenσ11 = X, σ22 =
Y, |σ12| = S. We have

σ0 =
X

cos2 θ3

σ0 =
Y

sin2 θ3

σ0 =
S

cos θ3 sin θ3
(6.29)

σ0 must be the smallest among the above three values to satisfy the maximum stress
failure criterion. If the first value is the smallest, the lamina fails in the fiber direction
(fiber failure), if the second value is the smallest, the lamina fails in the transverse
direction (matrix failure), if the third value is the smallest, the lamina fails due to in-
plane shear (matrix failure). It is noted that becauseθ3 is defined between0◦ and90◦,
cos θ3 sin θ3 > 0.

To use the maximum strain criterion, we need to compute strains in the material
coordinate system first as

ε11 =
σ0

E1

(
cos2 θ3 − ν12 sin

2 θ3
)

ε22 =
σ0

E2

(
sin2 θ3 − ν21 cos

2 θ3
)

2ε12 = − σ0

G12
cos θ3 sin θ3

According to the maximum strain criterion, the lamina failswhenε11 = Xε, ε22 =
Yε, |2ε12| = Sε. Since the material is linear elastic up to failure, we have the allowable
strains asXε =

X
E1

, Yε =
Y
E2

, Sε =
S

G12

. Using this fact, we have the following three
equations according to the maximum strain criterion.

σ0 =
X

cos2 θ3 − ν12 sin
2 θ3

σ0 =
Y

sin2 θ3 − ν21 cos2 θ3

σ0 =
S

cos θ3 sin θ3
(6.30)

Again,σ0 must be the smallest among the above three values to satisfy the maximum
strain failure criterion. If the first value is the smallest,the lamina fails in the fiber
direction (fiber failure), if the second value is the smallest, the lamina fails in the
transverse direction (matrix failure), if the third value is the smallest, the lamina fails
due to in-plane shear (matrix failure).

Lastly, according to the Tsai-Hill criterion in Eq. (6.26),we have
(
cos2 θ3σ0

X

)2

+

(
sin2 θ3σ0

Y

)2

−
(
cos θ3 sin θ3σ0

X

)2

+

(
cos θ3 sin θ3σ0

S

)2

= 1

which can be solved as

σ0 =
1√(

cos2 θ3
X

)2
+
(

sin2 θ3
Y

)2
−
(
cos θ3 sin θ3

X

)2
+
(
cos θ3 sin θ3

S

)2
(6.31)
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Figure 6.11 Strength of an off-axis lamina predicted by different failure criteria (Orange - maximum
stress criterion; Red - maximum strain criterion; Blue - Tsai-Hill criterion).

The predicted strengthσ0 as a function of the fiber orientation angleθ3 in Eqs. (6.29),
(6.30) (to plot these equations, we have assumedν12 = 0.7 andν21 = 0.3), and
(6.31) can be plotted in Figure 6.11. As shown in the plot, theresults predicted by
the Tsai-Hill failure criterion is the most conservative for this case, followed by the
maximum stress failure criterion, and then the maximum strain failure criterion. The
allowableσ0 predicted by the Tsai-Hill failure criterion is a continuous curve while
the two other criteria predicted piecewise continuous curves. There are very small
differences between the maximum stress criterion and the maximum strain criterion
when the fiber orientation is smaller than31◦. As indicated by the maximum stress
failure criterion and the maximum strain failure criterion, with the angle increasing
from 0◦ to 90◦, the lamina fails in the fiber direction first, then fails by in-plane shear,
and finally fails in the transverse direction.

EXAMPLE 6.7

A [±45/0/90]s laminate made of composite layers with lamina constantsE1 = 20×
106 psi, E2 = 1.5 × 106 psi, G12 = 106 psi, ν12 = 0.29, X = 310 ksi, Y =9 ksi,
andS=15 ksi. The thickness of each layer is 0.005”. This laminateis subject toN11.
Assume that the composite material fails according to the Tsai-Hill failure criterion.
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Compute the maximum allowableN11 before any of the layers fail. Which layer fails
first?

Solution: First, we need to evaluate the plate stiffness of the laminate. Because it is
a symmetric laminate loaded only by the in-plane loadN11, theA matrix is sufficient
for the analysis. As we have learned previously, we can obtain the plane-stress reduced
stiffness matrixQ for the composite lamina, then transformQ according to the layup
orientation, and integrate the transformedQ matrices through the thickness to obtain
A matrix as

A =




348925 101315 0
101315 348925 0

0 0 123805



 lb/in

We can obtain the in-plane plate strains due to the applied loadN11 as

ǫ = A−1





N11

0
0



 =





3.12983× 10−6

−9.0879× 10−7

0



N11in/lb

Sinceκ = 0, the 3D in-plane strains areεe = ǫ. Next, we need to compute the 3D
stresses for each layer. We need to first useσ′

e = Q′εe (Q′ is theQ matrix for each
layer in the laminate coordinate system) to compute 3D stresses in the laminate coor-
dinate system, then we need to transform the 3D stresses intothe material coordinate
system usingσe = R−1

σe σ
′
e. Following this procedure, we obtain





σ11

σ22

σ12





±45

=





22.8375
2.16249
∓4.03862



N11/in





σ11

σ22

σ12





0

=





62.5961
−0.00172

0



N11/in





σ11

σ22

σ12





90

=





−16.921
4.32671

0



N11/in

Next, we need to plug the 3D stresses into the Tsai-Hill failure criterion for each layer,
to compute the maximum allowableN11. For the45◦ and−45◦ layers, according to
Eq. (6.26), we have

(
22.8375N11

X

)2

+

(
2.16249N11

Y

)2

− 22.8375× 2.16249N2
11

X2
+

(
4.03862N11

S

)2

= 1

which can be solved asN11 = ±2720 lb/in.
For the0◦ layers, we have
(
62.5961N11

X

)2

+

(−0.00172N11

Y

)2

− 22.8375× (−0.00172)N2
11

X2
= 1

which can be solved asN11 = ±4952 lb/in.
For the90◦ layers, we have
(
16.921N11

X

)2

+

(−4.32671N11

Y

)2

− 16.921× (−4.32671)N2
11

X2
= 1

which can be solved asN11 = ±2063 lb/in. When we increase the load (tensile or
compressive) from 0, the90◦ layers will fail first atN11 = ±2063 lb/in.
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6.3.3 Tsai-Wu failure criterion

Generally speaking, if a failure criterion is stress based,we can express the failure function
as

f(σ11, σ22, σ33, σ23, σ13, σ12) = 1 (6.32)

A simple yet general enough failure criterion which can account for the difference between
tensile and compressive strengths and interactions among different stress components for
anisotropic materials was proposed by Tsai and Wu [63]. Thiscriterion, commonly called
the Tsai-Wu failure criterion for obvious reasons, can be written in a matrix form as below

f =





F1

F2

F3

F4

F5

F6





T 


σ11

σ22

σ33

σ23

σ13

σ12





+





σ11

σ22

σ33

σ23

σ13

σ12





T 


F11 F12 F13 F14 F15 F16

F12 F22 F23 F24 F25 F26

F13 F23 F33 F34 F35 F36

F14 F24 F34 F44 F45 F46

F15 F25 F35 F45 F55 F56

F16 F26 F36 F46 F56 F66








σ11

σ22

σ33

σ23

σ13

σ12





= 1

(6.33)
It is noted that one can always form a symmetric matrix for thequadratic part of the failure
criterion without changing the failure criterion. There are a total of 27 material parameters
(Fi, Fij ) to be determined for a general anisotropic material.

Because we assume that the strength of the material does not depend on the sign of shear
stresses, the strength parameters should remain the same when the material is subject to a
positive shear stress or a negative shear stress. If we assume that the material is subjected
to σ12 and all other stress components vanish, we have

f = F6σ12 + F66σ
2
12 (6.34)

Since the strength parameters should remain the same when the material is subject to−σ12

and all other stress components vanish, we will haveF6 = 0. Similarly, we can conclude
thatF4 = F5 = 0. Now, let us assume that the material is subjected to a stressstateσij

with all six stress components existing, we obtain the failure function asf . If we change
the stress state to beσ∗

ij so that all the stress components remain the same except we flip
the sign of shear stressσ12 to beσ∗

12 = −σ12, we obtain the failure function asf∗. Since
we have assumed that failure is independent of the sign of shear stress, we should have
f − f∗ = 0, which will help us obtain the following

4σ12(F16σ11 + F26σ22 + F36σ33 + F46σ23 + F56σ13) = 0 (6.35)

Since this equality should be valid for arbitrary values of the stress components involved
in this equation, we can conclude thatF16 = F26 = F36 = F46 = F56 = 0. Similarly, we
can concludeF15 = F25 = F35 = F45 = F14 = F24 = F34 = 0.

With these conclusions, we can simplify the failure criterion in Eq. (6.33) to be

f =F1σ11 + F2σ22 + F3σ33 + F11σ
2
11 + F22σ

2
22 + F33σ

2
33 + 2F12σ11σ22

+ 2F13σ11σ33 + 2F23σ22σ33 + F44σ
2
23 + F55σ

2
13 + F66σ

2
12 = 1

(6.36)

There are a total of12 parameters in this failure criterion. Nine of these parameters can
be calibrated by simple tension, compression, and shear tests of orthotropic materials.
Assuming that we have measured the tensile strength alongx1 direction asX , the failure
criterion in Eq. (6.36) should be able to describe the failure due to this simple stress state
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with σ11 = X , and all other stress components equal to zero. Substituting this stress state
into Eq. (6.36), we have

F1X + F11X
2 = 1 (6.37)

Assuming that we have measured the compressive strength along x1 direction asX ′, the
failure criterion in Eq. (6.36) should be able to describe the failure due to this simple stress
state withσ11 = −X ′, and all other stress components equal to zero. Substituting this
stress state into Eq. (6.36), we have

−F1X
′ + F11X

′2 = 1 (6.38)

From Eqs. (6.37) and (6.38), we can determineF1, F11 as

F1 =
1

X
− 1

X ′ , F11 =
1

XX ′ (6.39)

Similarly for simple tension and compression tests alongx2 andx3 directions, we obtain

F2 =
1

Y
− 1

Y ′ , F22 =
1

Y Y ′ , F3 =
1

Z
− 1

Z ′ , F33 =
1

ZZ ′ (6.40)

For simple shear tests along the three planes of symmetry of the orthotropic material,
we have

F44 =
1

R2
, F55 =

1

T 2
, F66 =

1

S2
(6.41)

There are three more parametersF12, F13, F23 left to be determined. Fundamentally speak-
ing, these constants should be determined from tests featuring bi-axial stress states. For
example, to determineF12, we should use a test featuring a stress state ofσ11 andσ22.
Suppose we have tested the material and it fails underσ11 = a andσ22 = b and all the
other stress components vanish. According to the Tsai-Wu failure criterion in Eq. (6.36),
we have

F1a+ F2b+ F11a
2 + 2F12ab+ F22b

2 = 1 (6.42)

We obtain

2F12 =
1− (F1a+ F2b+ F11a

2 + F22b
2)

ab
(6.43)

Since there are infinitely many such combined stress states which can break the material
and it is impossible to prove the uniqueness ofF12 from the above equation, we could
end up with many values forF12. To avoid arbitrariness, we introduce another method to
determineF12, F13, F23 by requiring that the Tsai-Wu failure criterion reduces to be the
Tsai-Hill failure criterion if the tensile strength is equal to the compressive strength in the
same direction along three directions (i.e.,X = X ′, Y = Y ′, Z = Z ′). Clearly, under
this condition, we haveF1 = F2 = F3 = 0 andF11 = 1

X2 , F22 = 1
Y 2 , F33 = 1

Z2 . The
Tsai-Wu failure criterion becomes

f∗ =
σ2
11

X2
+

σ2
22

Y 2
+

σ2
33

Z2
+

σ2
23

R2
+

σ2
13

T 2
+

σ2
12

S2
+

2F12σ11σ22 + 2F13σ11σ33 + 2F23σ22σ33

(6.44)

Assume that the Tsai-Hill failure function isf , we have

0 = f∗ − f =2σ11 [F12 +H)σ22 + (F13 +G)σ33] +

2σ22 [(F12 +H)σ11 + (F23 + F )σ33)] +

2σ33 [(F13 +G)σ11 + (F23 + F )σ22)]

(6.45)
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Since the above equality holds for all combination ofσ11, σ22, σ33, we have

2F12 = −2H =
1

Z2
− 1

X2
− 1

Y 2

2F13 = −2G =
1

Y 2
− 1

X2
− 1

Z2

2F23 = −2F =
1

X2
− 1

Y 2
− 1

Z2
(6.46)

Since the main motivation of the Tsai-Wu failure criterion is to consider the differences
between tensile and compressive strengths, we can modify Eq. (6.46) to be

2F12 =
1

ZZ ′ −
1

XX ′ −
1

Y Y ′

2F13 =
1

Y Y ′ −
1

XX ′ −
1

ZZ ′

2F23 =
1

XX ′ −
1

Y Y ′ −
1

ZZ ′ (6.47)

Note that the strength parametersF12, F13, F23 obtained using Eq. (6.47) still satisfy the
requirement we used to derive Eq. (6.46) (i.e., the Tsai-Wu failure criterion can be reduced
to the Tsai-Hill failure criterion whenX = X ′, Y = Y ′, Z = Z ′).

Until now we have determined all the 12 parameters in the Tsai-Wu failure criterion
using the nine strengths obtained from 3 extension tests, 3 compression tests, and 3 shear
tests. The Tsai-Wu failure criterion with parameters givenin Eqs. (6.39), (6.40), (6.41)
and (6.47) has the capability to account for different tensile and compressive strengths, and
interaction among different stress components. It can be reduced to the Tsai-Hill failure
criterion if the tensile and compressive strengths are assumed to be equal.

If we invoke the plane-stress assumption in the plane ofx1 − x2 as we did in CLT, we
will haveσ33 = σ23 = σ13 = 0. The Tsai-Wu failure criterion can be further simplified to
be:

f = F1σ11 + F2σ22 + F11σ
2
11 + F22σ

2
22 + 2F12σ11σ22 + F66σ

2
12 (6.48)

with F1, F11 given in Eq. (6.39),F2, F22 given in Eq. (6.40),F66 given in Eq. (6.41),F12

given in Eq. (6.47). If we further assumeZ = Y, Z ′ = Y ′, we have2F12 = − 1
XX′

. The
Tsai-Wu failure criterion under these simplifications can be written explicitly in terms of
strength parameters as

f =

(
1

X
− 1

X ′

)
σ11+

(
1

Y
− 1

Y ′

)
σ22+

σ2
11

XX ′+
σ2
22

Y Y ′−
σ11

X

σ22

X ′ +
(σ12

S

)2
= 1 (6.49)

When we assume that the compressive strengths are equal to the tensile strength, the plane-
stress reduced Tsai-Wu failure criterion is the same as the plane-stress reduced Tsai-Hill
failure criterion shown in Eq. (6.26).

EXAMPLE 6.8

A [±45/0/90]S laminate is made of composite layers with lamina constantsE1 =
20 × 106 psi,E2 = 1.5 × 106 psi,G12 = 106 psi, ν12 = 0.29, X = X ′ = 310 ksi,
Y =9 ksi, Y ′ = 30 ksi, andS=15 ksi. The thickness of each layer is 0.005”. This
laminate is subject toN12. Assume that the composite material fails according to the
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Tsai-Wu failure criterion. Compute the maximum allowableN12 before any of the
layers fail. Which layer fails first?

Solution: First, we need to evaluate the plate stiffness of the laminate. Because it
is a symmetric laminate loaded only by the in-plane loadN12, the extension stiffness
matrixA is sufficient for our analysis. As we have learned previously, we can obtain
plane-stress reduced stiffness matrixQ for the composite lamina, then transformQ
according to the layup orientation, and integrate the transformedQ matrices through
the thickness to obtainA matrix as

A =



348925 101315 0
101315 348925 0

0 0 123805


 lb/in

We can obtain the in-plane plate strains due to the applied loadN12 as

ǫ = A−1





0
0

N12



 =





0
0

8.07723× 10−6



N12in/lb

Sinceκ = 0, the 3D in-plane strains areεe = ǫ. Next, we need to compute the 3D
stresses for each layer. We need to first useσ′

e = Q′εe to compute 3D stresses in
the laminate coordinate system, then we need to transform the 3D stresses into the
material coordinate system usingσe = R−1

σe σ
′
e. Following this procedure, we obtain





σ11

σ22

σ12





±45

=





±79.517
∓4.328

0



N12/in






σ11

σ22

σ12





0

=






0
0

8.077




N12/in






σ11

σ22

σ12





90

=






0
0

−8.077




N12/in

Next, we need to plug the 3D stresses into the Tsai-Wu failurecriterion for each layer,
to compute the maximum allowableN12. For the±45◦ layers, according to Eq. (6.49),
we have

(
1

Y
− 1

Y ′

)
(∓4.328N12)+

(±79.517N12)
2

XX ′ +
(∓4.328N12)

2

Y Y ′ +
79.517× 4.328N2

12

X2
= 1

which can be solved asN12 = ∓1732.78 lb/in andN12 = ±4158.82 lb/in. This
implies that the 45 layer will fail whenN12 = −1732.78 lb/in orN12 = 4158.82 lb/in
and the−45◦ layer will fail whenN12 = 1732.78 lb/in or N12 = −4158.82 lb/in. It
is interesting to note that these two layers fail at different magnitudes of in-plane shear
force along the positive shear direction or negative shear direction.

For the0◦ layers, according to Eq. (6.49), we have

(
8.077N12

S

)2

= 1
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which can be solved asN12 = ±1857.07 lb/in.
For the90◦ layers, according to Eq. (6.49), we have

(−8.077N12

S

)2

= 1

which can be solved asN12 = ±1857.07 lb/in. When we subject the laminate to a
positive shear forceN12, the−45◦ layer will fail first atN12 = 1732.78 lb/in. When
we subject the laminate to a negative shear forceN12, the45◦ layer will fail first at
N12 = −1732.78 lb/in.

6.3.4 Hashin failure criterion

The Tsai-Wu failure criterion represents an improvement over the Tsai-Hill failure crite-
rion by considering the possibility of different compressive and tensile strengths. However,
both failure criteria share the same disadvantage that theycan not clearly indicate the fail-
ure modes. Particularly for unidirectional fiber reinforced composites, we know that they
could fail due to multiple, drastically different failure mechanisms such as fiber breakage
in tension, fiber buckling in compression, or matrix cracking in tension. It is not clear
that all these physically distinct failure modes can be governed by a single smooth failure
function given by the Tsai-Wu failure criterion or the Tsai-Hill failure criterion. Hashin
[64] proposed a failure criterion for unidirectional fiber composites which can take distinct
failure modes into consideration. It is assumed that the unidirectional fiber composite ma-
terial is a transversely isotropic homogeneous material and will fail in four different modes
including tensile and compressive fiber modes, and tensile and compressive matrix modes.
The strength of such a material can be characterized using the tensile strength (X) and
compressive strength (X ′) along the fiber direction, tensile strength (Y ) and compressive
strength (Y ′) along the matrix direction (x2 or x3 direction), transverse shear strengthR
in x2 − x3 plane, and axial shear strengthS in x1 − x2 plane andx1 − x3 plane.

Instead of using stress components, Hashin proposed to use stress invariants for the
transversely isotropic material withx1 along the fiber direction andx2, x3 in the plane
perpendicular to the fiber. For any arbitrary rotation around the fiber direction, we will
have the following four distinct stress invariants from linear up to the quadratic terms of
stress components.

I1 = σ11, I2 = σ22 + σ33, I3 = σ2
23 − σ22σ33, I4 = σ2

12 + σ2
13 (6.50)

Thus, a general quadratic failure criterion can be expressed in terms of these stress invari-
ants as

f = A1I1 +B1I
2
1 +A2I2 +B2I

2
2 + C12I1I2 +A3I3 +A4I4 = 1 (6.51)

This failure criterion can be easily calibrated using the shear strength inx2 − x3 planeR
(σ23 = R and all other components vanish) and shear strength inx1 − x2 plane orx1 − x3

planeS (σ12 = S or σ13 = S and all other components vanish) as

A3R
2 = 1, A4S

2 = 1 (6.52)

Thus, we have

A3 =
1

R2
, A4 =

1

S2
(6.53)
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For the tensile fiber mode (σ11 > 0), Hashin assumed thatσ11, σ12, σ13 contribute to
this failure mode and the contributions from other stress components can be neglected (i.e.
we can assumeI2 = I3 = 0), thus the failure function in Eq. (6.51) can be written as

f = A1σ11 +B1σ
2
11 +

σ2
12 + σ2

13

S2
= 1 (6.54)

Since all the calibration information we have about this tensile fiber failure mode isσ11 =
X , it is impossible to determine bothA1 andB1. Instead, Hashin assumed the contribution
of the linear term due toA1 can be neglected and approximately calibrated the failure
criterion as

f =
σ2
11

X2
+

σ2
12 + σ2

13

S2
= 1 (6.55)

For compressive fiber mode (σ11 < 0), because of the complexity of this failure mechanism
and lack of evidence that axial shear stresses contribute tothe compressive fiber failure,
Hashin proposed to approximate this failure mode using the simple maximum normal stress
failure criterion:

f =
|σ11|
X ′ = 1 (6.56)

It is noted that Hashin purposely tried to separate the tensile fiber mode from the com-
pressive fiber mode, thus he chose not to useX andX ′ together to determineA1 andB1

similar to what has been done for the Tsai-Wu failure criterion.
For the matrix failure, Hashin argued that onlyσ11 does not contribute to this failure

mode. Thus, the failure criterion can be written as

f = A2(σ22 + σ33) +B2(σ22 + σ33)
2 +

σ2
23 − σ22σ33

R2
+

σ2
12 + σ2

13

S2
= 1 (6.57)

For the tensile matrix failure, Hashin introduced the same approximation as fiber tensile
failure (i.e., neglecting the contribution from the linearterm) such that

f =
(σ22 + σ33)

2

Y 2
+

σ2
23 − σ22σ33

R2
+

σ2
12 + σ2

13

S2
= 1 (6.58)

For the compressive matrix failure, we can first calibrate the criterion using the com-
pressive strengthY ′ as

f = −A2Y
′ +B2Y

′2 = 1 (6.59)

Next, Hashin argued that matrix can fail under bi-axial compressive pressure so thatσ22 =
σ33 = −σ. Substituting this stress state into Eq. (6.57), we have

f = −2A2σ + 4B2σ
2 − σ2

R2
= 1 (6.60)

We can solveA2 andB2 from Eqs. (6.59) and (6.60) as

A2 =
Y ′2 (σ2/R2 + 1

)
− 4σ2

4σ2Y ′ − 2σY ′2 , B2 =
2R2σ −R2Y ′ − σ2Y ′

2R2σY ′(Y ′ − 2σ)
(6.61)

It is reasonable to expect thatσ ≫ Y ′ because it will be much more difficult for the matrix
material to fail under equal bi-axial pressure. If we only keep the leading terms inA2 and
B2 in terms ofY ′/σ, we have

A2 =
Y ′

4R2
− 1

Y ′ , B2 =
1

4R2
(6.62)
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Thus, the resulting failure criterion for the compressive matrix mode is

f =

[(
Y ′

2R

)2

− 1

]
σ22 + σ33

Y ′ +

(
σ22 + σ33

2R

)2

+
σ2
23 − σ22σ33

R2
+

σ2
12 + σ2

13

S2
= 1

(6.63)
One complexity is to determine when we consider that the matrix is under compression or
tension. Hashin suggested that whenσ22 + σ33 ≥ 0 the material is in the tensile matrix
mode. Otherwise, it is in the compressive matrix mode.

In summary, for unidirectional fiber reinforced composites, after obtaining the stresses
in the material coordinates, Hashin suggests the followingfailure criterion for four possible
distinct failure modes

Tensile fiber mode (σ11 ≥ 0)

f =
σ2
11

X2
+

σ2
12 + σ2

13

S2
= 1 (6.64)

Compressive fiber mode (σ11 < 0)

f =
|σ11|
X ′ = 1 (6.65)

Tensile matrix mode (σ22 + σ33 ≥ 0)

f =
(σ22 + σ33)

2

Y 2
+

σ2
23 − σ22σ33

R2
+

σ2
12 + σ2

13

S2
= 1 (6.66)

Compressive matrix mode (σ22 + σ33 < 0)

f =

[(
Y ′

2R

)2

− 1

]
σ22 + σ33

Y ′ +

(
σ22 + σ33

2R

)2

+
σ2
23 − σ22σ33

R2
+

σ2
12 + σ2

13

S2
= 1

(6.67)

It is noted that the material could fail in both fiber mode and matrix mode, thus both types
of failure modes should be checked at the same time for the same material point.

For a plane-stress state, we knowσi3 = 0. The Hashin failure criteria is simplified to
be

Tensile fiber mode (σ11 ≥ 0)

f =
(σ11

X

)2
+
(σ12

S

)2
= 1 (6.68)

Compressive Fiber mode (σ11 < 0)

f =
|σ11|
X ′ = 1 (6.69)

Tensile matrix mode (σ22 ≥ 0)

f =
(σ22

Y

)2
+
(σ12

S

)2
= 1 (6.70)

Compressive matrix mode (σ22 < 0)

f =

[(
Y ′

2R

)2

− 1

]
σ22

Y ′ +
(σ22

2R

)2
+
(σ12

S

)2
= 1 (6.71)
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EXAMPLE 6.9

Strength analysis of a composite lamina: Suppose that a composite lamina can be
assumed as a homogeneous material. The composite material has strengthsX=100
ksi,X ′ = 30 ksi, Y =9 ksi,Y ′ = 20 ksi andS=15 ksi. An off-axis lamina is made of
this material and loaded by a tensileσ0 as shown in Figure 6.10. Predict the maximum
allowableσ0 as a function of the fiber orientation angleθ3 according to the Tsai-Wu
failure criterion and the Hashin failure criterion.

Solution: First, we need to evaluate the stress components in the material coordi-
nate system (x′

i) due toσ0 in the problem coordinate systemxi. We have

σ11 = cos2 θ3σ0

σ22 = sin2 θ3σ0

σ12 = − cos θ3 sin θ3σ0

According to the Tsai-Wu failure criterion in Eq. (6.49), wehave
(

1

X
− 1

X ′

)
cos2 θ3σ0 +

(
1

Y
− 1

Y ′

)
sin2 θ3σ0 +

(
cos2 θ3σ0

)2

XX ′ +

(
sin2 θ3σ0

)2

Y Y ′ − (cos θ3 sin θ3σ0)
2

XX ′ +

(
cos θ3 sin θ3σ0

S

)2

= 1

This equality has two solutions which can be obtained easilyby a symbolic manipula-
tor. The lengthy formulas are not given here for the sake of saving space.

Under this particular loading, we haveσ11 andσ22 always greater than zero. Thus,
we could have possible tensile fiber mode and tensile matrix mode according to the
Hashin failure criterion. For tensile fiber mode, accordingto Eq. (6.68), we have

(
cos2 θ3σ0

X

)2

+

(
cos θ3 sin θ3σ0

S

)2

= 1

For tensile matrix mode, according to Eq. (6.70), we have
(
sin2 θ3σ0

Y

)2

+

(
cos θ3 sin θ3σ0

S

)2

= 1

Both equations can be solved symbolically. It can be found out that whenθ3 increases
from 0 to16.6992◦, σ0 solved from the first equation is always smaller than that solved
from the second equation, which implies that the lamina failures in tensile fiber mode.
Whenθ3 increases from16.6992◦ to 90◦, σ0 solved from the first equation is always
larger than that solved from the second equation, which implies that the lamina failures
in tensile matrix mode. The changes of maximumσ0 with respect toθ3 for both failure
criteria are plotted in Figure 6.12. Both failure criteria predict similar trends. These
two predictions have noticeable differences for off-axis angles of a few degrees to
about45◦. It is also noted that Tsai-Wu represents a smooth curve while Hashin has a
discontinuity atθ3 = 16.6992◦ due to change of failure modes.

6.4 Strength ratio

For a structure subject to a loadP , we can solve for the 3D stress field, then we can compute
the failure index at each point according to a chosen failurecriterion. Failure index is a
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Figure 6.12 Strength of an off-axis lamina predicted by different failure criteria (Red - Tsai-Wu
criterion; Blue - Hashin criterion).
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pointwise quantity varying within the structure. If any of the failure indexes is greater or
equal to 1, the structure fails at the corresponding point. If all the failure indices are smaller
than 1, the structure is safe. Sometimes,f is computed to be smaller than zero according
to some failure criteria such as the Tsai-Wu failure criterion. It means that according to
this particular failure criterion, material point is saferunder the corresponding stress state
than a stress state which could result inf = 0, which does not make physical sense. Since
a negativef is not physically meaningful, we will replace all negativef values with zero.
The initial failure load of a structure,Pcr, is defined as the load under which the maximum
failure index is equal to 1.Pcr is calledthe first point failure loador the initial failure
load of the structure. If the maximum failure index is smaller than 1, we can increase the
load until it reaches the valuePcr so that the maximum failure index is equal to 1. If the
maximum failure index is greater than 1, we can decrease the load until it reaches the value
Pcr so that the maximum failure index is equal to 1.

If the stress analysis is linear, then instead of continuously increasing or decreasing
the load to carry out the stress analysis multiple times, we only need one analysis. For
an arbitrary loadP , there is a corresponding 3D stress fieldσij . We can compute the
failure index for each point based on this stress field. Suppose that the initial failure load
isPcr = αP , then the corresponding stress field isασij , with α being positive because we
are predicting the failure load in the direction of loadP .

If the failure criterion is linear with respect to the stressfield, such as the maximum
stress failure criterion, we will have

f(ασij) = αf(σij)

According to the failure criterion, we requireαf = 1. Thus, we have

α =
1

f
(6.72)

α is also commonly calledthe strength ratio. We can compute the strength ratio at each
point, which implies how many times of the current load it will take to fail that point.
For example, if the strength ratio computed at one point is 2.5, it means that we need to
increase the current load to be 2.5 times larger in the same direction to fail the material at
this point. The strength ratio is also sometimes called the safety margin. It is emphatically
pointed out that the simple reciprocal relation between thestrength ration and the failure
index in Eq. (6.72) only holds for linear failure criteria. For other failure criteria which
are not linear, it is more intuitive to use the strength ratiowhich will be illustrated using an
example later.

Denote the smallestα among all the points asαmin, the initial failure load can be
computed as

Pcr = αminP (6.73)

If we letP equal to 1, thenαmin is the initial failure load.
If the failure criterion contains only quadratic terms of the stress components such as

the Mises failure criterion and the Tsai-Hill failure criterion. We will havef(ασij) =
α2f(σij). According to the failure criterion, we requireα2f = 1. Thus,α = 1√

f
. If f is

smaller or equal to zero,α = +∞ which means that the corresponding material point will
not fail no matter how large the load is.

If the failure criterion contains both linear terms and quadratic terms of the stress com-
ponents such as the Tsai-Wu failure criterion, we will have

f(ασij) = α2a+ αb = 1 (6.74)
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with

a =F11σ
2
11 + F22σ

2
22 + F33σ

2
33 + 2F12σ11σ22 + 2F13σ11σ33 + 2F23σ22σ33+

F44σ
2
23 + F55σ

2
13 + F66σ

2
12

(6.75)

and
b = F1σ11 + F2σ22 + F3σ33 (6.76)

wherea, b are computed based on the stress state due to loadP . Then, we can solveα as

α =
−b±

√
b2 + 4a

2a
(6.77)

Only the positive solution makes sense. Ifa is positive, we have

α =
−b+

√
b2 + 4a

2a
(6.78)

If a is negative, a positiveα exists only ifb > 0, the smaller value of the two possible
solutions is the same as Eq. (6.78). Ifa andb are both negative, a positiveα does not exist.
If a positive solution does not exist, for exampleα < 0 or b2 + 4a < 0, it means that it is
impossible to achievef = 1, which further means it is impossible to fail the material point
and thusα = +∞.

If we also want to find the initial failure load along the negative direction of loadP ,
we need to flip the sign of the stress results we have obtained under loadP and apply
the failure criterion to compute the strength ratio again. However, if the failure function
remains the same for bothσij and−σij such as the Mises failure criteria, the maximum
shear stress failure criterion, and the Tsai-Hill failure criterion, the strength ratioα will
remain the same. For the Tsai-Wu failure criterion, to compute the initial failure load
along the negative direction ofP , we need to switch the sign ofb to beb∗ = −b. Then the
failure criterion is written as

f(ασij) = α2a+ αb∗ = 1 (6.79)

if a > 0

α =
−b∗ +

√
b∗2 + 4a

2a
(6.80)

If a < 0, a positiveα exists only ifb∗ > 0 (or b < 0), the smaller value of the two possible
solutions is the same as the above equation. Ifa < 0 andb∗ < 0 (or b > 0), a positiveα
does not exist.

Composite materials usually have residual stresses in the material before some external
loads are applied. For this situation, the simplicity of computing the initial failure load
using just one stress analysis does not exist for most failure criteria. Suppose a residual
stress fieldσ0

ij exists in the material before a loadP is applied to the structure. Suppose
that the stress fieldσij is generated due toP , then the total stress field isσij + σ0

ij . If the
initial failure loadPcr = αP is applied,ασij will be generated and the total stress field is
ασij + σ0

ij .
It is not straightforward to compute the strength ratio in a simple way by using only

one stress analysis. Usually, special consideration needsto be given for a specific failure
criterion. If the failure criterion is governed by a single formula, computing the initial
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failure load using just one stress analysis is still possible. For example, for the Tsai-Wu
failure criterion, we have

f(σ0
ij + ασij) = f(σ0

ij) + α2a+ αc = 1 (6.81)

with

c =b+ 2
[
F11σ

0
11σ11 + F22σ

0
22σ22 + F33σ

0
33σ33+

F12(σ
0
11σ22 + σ0

22σ11) + F13(σ
0
11σ33 + σ0

33σ11) + F23(σ
0
22σ33 + σ0

33σ22)

+F44σ
0
23σ23 + F55σ

0
13σ13 + F66σ

0
12σ12

]
(6.82)

anda, b given in Eq. (6.75) and Eq. (6.76). If we assume that the material has not failed
under the initial stress (i.e.,f(σij)

0 < 1), the strength ratio along the direction ofP can
be computed as

α =
−c+

√
c2 + 4a[1− f(σ0

ij)]

2a
(6.83)

To compute the initial failure load along the negative direction ofP , we need to switch the
sign ofc, the strength ratio can be computed as

α =
c+

√
c2 + 4a[1− f(σ0

ij)]

2a
(6.84)

The strength ratio and the initial failure load in terms of strains can be calculated in the
same way if the failure criterion can be conveniently expressed in terms of strains. If more
than one failure functions are used, such as the Hashin criterion, one needs to check both
fiber and matrix failure at a point, then the failure functions of all the applicable failure
modes should be evaluated and the largest failure index (or smallest strength ratio) should
be used as the failure index (or strength ratio) for that point.

EXAMPLE 6.10

A composite material has strength constants asX = 1168 MPa,X ′ = 740 MPa,
Y = Z = Y ′ = Z ′ = 99 MPa,R = 450 MPa,T = S = 68.6 MPa. The stress
state of a point in a composite laminate is computed asσ11 = 42.88 MPa,σ22 = 5.33
MPa,σ33 = 14.68 MPa,σ23 = 1.6 MPa,σ13 = 0.5 MPa,σ12 = 0 MPa. Evaluate the
failure indexf and strength ratioα according to the Tsai-Wu failure criterion and the
Hashin failure criterion.

Solution: First, let us use the Tsai-Wu failure criterion. Based on thegiven strength
constants of the material, we can compute the parameters needed for the Tsai-Wu
failure criterion according to Eq. (6.39), (6.40), (6.41),and (6.47) as:

F1 = −4.95× 10−4MPa−1, F2 = F3 = 0MPa−1

F11 = 1.157× 10−6MPa−2, F22 = F33 = 1.0203× 10−4 MPa−2

F44 = −4.94× 10−6 MPa−2, F55 = F66 = 2.125−4MPa−2

2F23 = −2.029× 10−4MPa−2, 2F12 = 2F13 = −1.157× 10−6MPa−2

Then, we can computea = 0.0102107 andb = −0.0212336. Thus, the failure index

f = a+ b = −0.011023
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Since the failure index is negative, we can effectively replace it withf = 0 as if this
stress state has no effect on the damage of the material at all. However, it does not
imply that the strength ratio is infinite, because we can compute the strength ratio
according to Eq. (6.78) as

α = 10.99

Indeed, if the load is increasedα = 10.99 times, we will have the stress state
becomeσ11 = 471.38 MPa,σ22 = 58.58 MPa,σ33 = 161.34 MPa,σ23 = 17.58
MPa,σ13 = 5.50 MPa,σ12 = 0 MPa. Under this stress state, we havea = 1.233 and
b = −0.233 andf = 1.0, which implies that the material fails.

Now, let us use the Hashin failure criterion. For the given stress state, because
σ11 ≥ 0 andσ22 + σ33 ≥ 0, the material could fail either in the tensile fiber mode
or the tensile matrix mode. According to Eqs. (6.64), we havef = 0.0014 for the
fiber tensile mode. The corresponding strength ratio isα = 1

√
f = 26.72. According

to Eq. (6.66), we havef = 0.0405 for the matrix tensile mode. The corresponding
strength ratio isα = 1

√
f = 4.967. The larger failure index (f = 0.0405) among

these two failure indexes will be the failure index for this material and the correspond-
ing mode is tensile matrix mode. The smaller strength ratio (α = 4.967) among the
two strength ratios will be the corresponding strength ratio for this material and the
corresponding failure mode remains the same as the tensile matrix mode.

Clearly, this example demonstrates that there are no directrelations between the
failure index and the strength ratio and it is more meaningful to use the strength ratio
as the indicator for the safety margin of the material.

It is also shown that different failure criteria could predict very different failure
indexes or strength ratios for the same material. Experimental data should be used to
decide which failure criterion provides a better prediction for a certain material.

6.5 Failure envelope

Failure envelope graphically depicts the boundary of the stress/strain states so that the
material fails outside the boundary and the material is safeinside the boundary. In general,
it could be a six-dimensional surface in terms of the six stress components or six strain
components, or a mix of stress and strain components. However, it is very difficult to
graphically represent and visualize such surfaces. Although we can plot such envelopes
in the three-dimensional space of principal stresses for isotropic materials, we do not plot
such envelopes for general anisotropic or orthotropic materials because the failure criteria
are not expressed in terms of the principal stresses. Thus, normally, the failure envelopes of
composite materials are generated for bi-axial or tri-axial loading conditions. If the stress
analysis and failure analysis can be performed analytically, the failure envelope can be
evaluated relatively easily, as shown in previous examples. However, if the stress analysis
and failure analysis are performed using numerical methods, it becomes more involved.
Usually, we hold one stressσ11 to be constant, then change the another stress, sayσ22,
until the material fails and(σ11, σ22) will become a data point on the failure envelope.
Usually, for one stressσ11, there are more than oneσ22 values which will fail the material.
Next, increaseσ11 and find another set ofσ22 to locate the next data point on the failure
envelope. For a linear stress analysis, the search forσ22 can be simplified as in the case of
the material with residual stresses which was discussed above.

The same concept can also be applied to obtain the failure envelope of a composite
laminate. Generally speaking, the failure envelope of a composite laminate can be a six-


