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Abstract

An equivalent classical plate model of corrugated structures is derived using the
variational asymptotic method. Starting from a thin shell theory, we carry out an
asymptotic analysis of the strain energy in terms of the smallness of a single corru-
gation with respect to the characteristic length of macroscopic deformation of the
corrugated structure. Without invoking any apriori assumptions, we obtained the
complete set of analytical formulas for effective plate stiffnesses valid for both shal-
low and deep corrugations. These formulas can reproduce the well-known classical
plate stiffnesses when the corrugated structure is degenerated to a flat plate. The
extension-bending coupling stiffnesses are obtained the first time. The complete set
of recovery relations are also derived for recovering the fields within the corrugated
structure from the strains obtained in the equivalent plate analysis.

Key words: Corrugated structure; Corrugated plate; Homogenization; Equivalent
plate; Variational asymptotic method

1 Introduction

Corrugated structures are one of the most important applied branches of thin
shells, which have been widely used in civil, automotive, naval and aerospace
engineering, to name only some, diaphragms for sensing elements, fiberboards,
folded roofs, container walls, sandwich plate cores, bridge decks, ship panels,
ete. [1,2,3,4,5,6,7,8,9, 10, 11, 12]. Recently, corrugated structures are also
applied for flexible wings or morphing wings [13, 14, 15] due to their unique
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Fig. 1. Equivalent plate modeling of corrugated structures.

characteristics of having orders of magnitude different stiffnesses in different
directions.

Although commercial codes such as ANSYS allow one to analyze corrugated
structures by meshing all the corrugations with shell elements or solid ele-
ments, it is not an efficient or even a practical way to finish prototype in a
timely manner as it requires significant computing time, particularly if the
structure is formed by hundreds or thousands of corrugations. The common
practice in design and analysis of corrugated structures is to model it as an
equivalent flat plate, which is possible if the period of corrugation is much
smaller than the characteristic length of macroscopic deformation of the struc-
ture (see Fig.1). For example, to model the corrugated structure using the
Kirchhoff plate model, also called the classical plate model, we need to obtain
the following constitutive relations by analyzing a single corrugation:

Ny _An A 0 By Bz 0 ] €z ( €azx
Ny, Ajg Aoy 0 Bis Bos 0 Eyy Eyy
Ny _ 0 0 Ags 0 0 Besl| | 2€ay _ A B | 2¢ey 1)
M, By Biz 0 D11 Dz 0 KRzz BT D Kz
M, By Bss 0 Dis Dyy O Kyy Kyy
M,, | 0 0 Bss 0 0 Des| |26ay 2K zy

where x,y are the two in-plane coordinates describing the equivalent plate,
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Nyzy Nyy, Ny the force resultants, M, M,,, M,, the moment resultants, €,,,
€yy, Exy the membrane strains, Ky, Kyy, kg the curvature strains, A, D and
B represent extension stiffnesses, bending stiffnesses, and extension-bending
couplings, respectively. The stiffness matrix in Eq. (1) could be in general pop-
ulated for an equivalent plate model of general corrugated structures. However,
it will be shown later that some of the stiffness constants vanish as shown in
Eq. (1) for a corrugated structure made of a single isotropic material.

The literature is rich in equivalent plate modeling of corrugated structures
with the first treatment known to the authors dated 1923 [16] and a very
recent treatment appeared in 2013 [17]. Various methods with different levels
of sophistication were used in numerous studies. Generally speaking, existing
methods can be generally classified either as engineering approaches based on
various assumptions or asymptotic approaches based on asymptotic analysis of
governing differential equations of a shell theory. Most methods fall in the cat-
egory of engineering approaches which invoke various assumptions for bound-
ary conditions and force/moment distribution within the corrugated structure.
For a given state of constant strain, the actual (or assumed) distributions of
forces and moments within the corrugated structure will be determined. Then
force equivalence or energy equivalence is used to derive the corresponding
stiffness constants (see [18], [19], [17] and references cited therein). Although
both analytical approach and finite element analysis can be used to predict
these stiffness constants, the analytical approach has the advantage of pro-
viding a set of close-form expressions in terms of the material and geometry
characteristics of the corrugated structure while the finite element analysis
predicts values which are valid for a specific corrugated structure. Asymp-
totic approaches exploit the smallness of a single corrugation with respect
to characteristic length of macroscopic deformation of the corrugated struc-
ture [20, 21, 22, 23]. Substituting asymptotic expansion of the field variables
into the governing differential equation of the shell theory, a series of system
of governing differential equations corresponding to different orders can be
solved to find the relationship between the equivalent plate and the corru-
gated structure. Because different methods are used to treat this problem, it
is not surprising that different results are obtained in previous studies, which
will summarized and compared here.

2 Results

To facilitate the comparison of different results in the literature, we need
to set up the necessary notations. Let x be the Cartesian coordinate in the
corrugation direction and € the projected length of the corrugation (Fig. 2).
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Fig. 2. Shell geometry and unit cell.

We denote by

X = gv (2)

the dimensionless “cell coordinate”; Within a cell, X changes between —1/2
and 1/2. For any parameter, f, changing within a cell, {(f) means the average
of the cell,

= [ reax. )

The shape of the corrugation is described by the x3(X) which is a periodic
function with the period unity. Without loss of generality, one can set

(z3) =0, (4)

by shifting the observer’s frame in the vertical direction. Let us also denote

T3 = 5¢(X)a (5)

so that
duy(a) _ do(X)

L dX (6)

Let a = 1 + ¢?, we can compute the arc-length of the corrugation S and the
moment of inertia along the corrugation direction I, as

S=e(Va)y, I,=he*{($*Va). (7)
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Fig. 3. Unit cell of a corrugated structure (sinusoidal shape is used for illustration).

2.1 Main results from previous studies

To our best knowledge, all existing studies conveniently assume there are
no extension-bending couplings, which implies that bending problem can be
solved by the following fourth-order partial differential equation:

0w o*w o*w
an‘i‘zHaTayQ‘i‘DQQaiyzl =D, (8)

where z,y are the Cartesian coordinates on the effective plate (Fig.1), w the
transverse displacement, p the effective pressure load, H = D15+ 2Dgq. Seydel
[24] followed Huber [16] and obtained the following formulas for the equivalent
bending stiffnesses

e ER?
D= = D —
1 S 12(1 — V2)7 . 0’ (9)
Do EI,  Dyy— 2 EM"_
S YIS

Here S denotes the arc-length of the corrugation, € the projected length of
the corrugation, /, the moment of inertia along the corrugation direction, h
the thickness (Fig. 3). It is assumed that the corrugated plate is made of
isotropic elastic material with the Young’s modulus E, and the Poisson’s ratio
v. These results are also widely cited in textbooks [25, 26, 27]. In later works,
approximations for S and [, for different corrugated shapes were obtained
28, 25, 29, 30]. A review of different approximate formulas of S and I, for
various corrugation shapes can be found in Luo et al. [31]. This is not needed
as it is easy to evaluate the two integrals in Eq. (7) accurately for any given
corrugated shape using computers nowadays.
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Later Briassoulis [18] proposed the following modified relations

e ER?
Dj=—-——r—— Dy, =vD
1 S 12(1 - 1/2)7 . g H (10)
EhT? Ehn? EhR3
Doy = Deg

2 +12(1—y2)’ 241 +v)

Here T is the rise of the corrugations measured to middle surface as shown
in Fig. 3. Briassoulis correctly recognized D, due to the Poisson’s effect.
However, as will be shown later, the formulas for Dy and Dgg are not correct.
The expression for Dy, is obtained by assuming a sinusoidal corrugated profile,
xg = T'sin(27zx/e). Briassoulis’s relations are also used in [32, 33, 34] with D,
modified in [32] for a trapezoidal corrugated profile.

Very recently, Xia et al. [19] obtained the following formulas for bending stiff-
nesses

e ER?
Dy ==—— Dys = vD
P 1\ ER S EW
21— \Va/ 12(1 —2) O U1 +r)

There are other bending stiffnesses proposed in the literature such as those
cited by [35] from [36, 37] which are not listed here because they are not as
complete and accurate as those listed here.

The equivalent extension stiffnesses were originally found for applications such

as roofs and shear walls in 1960-70s [38, 39, 40, 41, 42, 37]. The commonly
accepted formulas in literature are:

EhR3 S

e FEh
A= ————, Ap=vA Agy = —FEh, Ag=— 12
11 6(1 — v2)T2’ 12 = VAy, 22 = 7 66 S2(1+v) (12)
Later, in [18], Briassoulis provided different formulas for A;; and Agg
Eh? Eh
Ay — , Agg=—. 13
U ey 6(1 —v?)T? (f—; — 52 sin @) Y 2(14 ) (1)

with Ao = vA;; and Asy the same as that in Eq. (12). Again, the expres-
sion for Aj; is obtained by assuming a sinusoidal corrugated profile, x3 =
Tsin(2mx/e).

Very recently, Xia et al. [19] obtained the following formulas for extension
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stiffnesses
Eh? 1
An = NT 1\ I Arp = vAn,
12(1—2) (1) 22 4 L "
S 1 1—1? e FEh
Ayy = 12 A —Eh — Age = =
2=VanTt o <1—y2 4(1+y)2>’ =521+ v)

Andrianov et al. [20, 21, 22, 23] obtained different equations by asymptotic
analysis of elasticity equations, but the origin of deviations remains unclear.

2.2  Present results

We obtained the following general relations for the equivalent plate stiffnesses
for corrugated structures:

E 1222 (pA) Eh 1\ 1
Ay = 1_ .2 he? + 1_ .2 % Ty Ay = VA,
A22 = Eh <\/a> + V2A117 A66 = /J“h“aly

E 123 (pA) Eh 1\ 1
Pimre e Price et Pemvhe
Bay = Ehe <\/5¢> + 2By, Bgs = phas, 15
Eh3 122482 1 Eh &2B%/ 1 (15)
D11 = <§0./4> + -/,
12(1 - 12) \ hiC? Va)) T1-12 ¢ \a
DA:Eh52<¢2\/E>+Eh$ 2N Dy, Dy =wD
22 12 \/a 11, 12 11,
Den — ;m<\/5h2_11121:f2/;—a04§>
RO =
where
(Vag) e? 1
= —_12 A
\/a hQQO, (].6)
a1:1/<<p’2h2>7 0422041<%>7
L+ 48e2a3 L+ 48e2a3
and

AX) = — /OX Vag(Y)dY + B/OX Jady (17)

We also obtained the following relations for us to recover the shell strains in
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the original corrugated structure:

’7(1)1 =c1v/a — va(eyy + T3kyy),

hz(ﬂl’ﬂacy
2~9 _\/ECQ_ 12¢a
12 —

l2h2 )
1 49252113
732 =€yy T T3Kyy,
12x
/0?1 —a <Cl h23 + 64) + V\/a"iyzﬁ (18)
00 _ _ 2v/akqy + 2‘@—;02
P12 = 1 o2h2 )
48¢2q3
0 1
P22 = — ﬁ“yy-

with
¢ = eB(vs 11 + VU3,226) — (v11 + VU2,2)7 (19)
co = aq(v1 2+ v21) — U312, (20)
1 12 (z31/a)

Cy = a) (V311 + VU3 22) — ﬁcl a)

In general, the coupling stiffnesses, B;;, are not zero. They vanish, however,
for symmetric corrugations of which ¢(X) is an odd function of X.

—¢(X) = ¢(=X), (22)
and due to periodicity of ¢(X),
¢(1/2) =0. (23)

Derivative ¢ = d¢/dX is an even function, and so is a = 1 + ¢*. Therefore,
¢+/a is an odd function and

(¢v/a) =0. (24)

Thus B = 0. Derivative ¢’ is an odd function thus

The equivalent plate stiffnesses can be simplified for a symmetric corrugation
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as

All \/a

Ay = Eh <\/5> + V2 A, Ags = phay,
Bi1 = Biy = By = Bgs = 0,
Eh3 1
12(1— 2 (V)
Dy, = Ehe® (¢*Va) + ER T LN 2y Dy =D
22 12 \/a 11, 12 11,
h4 /2
D = 'th <\/Eh2 _ i 122;’;a2 > )

4\ 3 val+ 2%

E 1282 (pA) Eh 1\ 1
T 112 he? +1—V2 JVa/ c2’ Ao =vAn,

Dn - (26>

The formulas for ¢y, ¢2, ¢4 needed for recovery relations in Eq. (18) can also be
simplified for a symmetric corrugation.

(V11 + vv2s)

= — C ) (27)

Cy = 041(U1,2 + U2,1), (28)
L (vs + vs.) (20)

Cy = ——\V v .

4 <\/a> 3,11 3,22

2.3 Discussion of the results

First, we perform a simple consistence check for all the results. For equivalent
plate stiffnesses to be valid for general corrugated structures, they should be
able to reproduce the well-known classical plate stiffnesses when the corru-
gated structure degenerated to be a flat plate, for which we have

p=0=A=B=0, Va=1, C=-1, ay=1, ay=0. (30)

The expressions in Eq. (15) can be simplified as

Eh Eh Eh
A= ——, Ap=vAy, Ap=——o 6= =
=" 12 = VAL, 27 7 66 21 +v)’
Bi1=0, Bipa=0, Bxn=0, Bsg=0,
EhR? (31)
Dy=——+——, Di=vD
11 12(1 - v2) 12 = v
Eh? Eh?
Dy = ————, Dg=——".
21201 =02 T 241+ )
9
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which are the well known stiffness formulas for the classical model of isotropic
homogeneous plates.

The bending stiffnesses in Eq. (9) cannot reproduce the case of a flat plate
while those in Egs. (10) and (11) can. However, none of the extension stiffness
from previous studies can reproduce the case of a flat plate.

For shallow corrugation, we know ¢ ~ ¢ < 1 and no specific order can be said
regarding the magnitude of % We can use this small parameter to simplify
our formulas. We have

R Y (AT

The leading terms of the equivalent plate stiffness are

Ay = 1_ .2 <L>’ Au:VAlh
Va
A22 =FEh <\/a> + V2A11 AGG = Lh
’ (Va)’
Eh 1
By = m 1 Be, DBy, =vDB,
() (33)
By = Ehe <\/5¢> +°Bi, B = phos,
En? 1
Dy = Do =vDqy

12(1— %) (v/a)

ER® | 1 9 ph?
Dyy = ETE <\/5> +v°Dy1,  Dgs = §<\/a>

Note B;; vanish for symmetric corrugations. The above formulas can degener-
ate to those for a flat plate. Comparing to the results from previous studies,
we can see that Seydel’s formulas [24] for Dy; and Dgs in Eq. (9) can be used
for shallow corrugations. However D, and Dy are not valid for shallow cor-
rugations. Briassoulis’ formulas [18] for Dy; and Di, in Eq. (10) are valid for
shallow corrugations but D,, and Dgs are not valid. The formulas of Xia et
al. [19] in Eq. (11) can be used for shallow corrugations except Das.

For most corrugated structures, we have h/e < 1. This small parameter can
be used to simplify our formulas. We have

g2 1
Cx-12(p4) S, arm (34

10
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The leading terms of equivalent plate stiffnesses become:

En?
An = 12(1 — 12)e2 (p A)’ Ay =vAn, Ap=EFEh <\/5>7
_ph B ER’B B
B ER (EH e
3 (¢
Boyy = Ehe <¢\/a> ,  Bes = ﬂ < 2 > (35)

" 12: (Va)'

Eh3 B? 1
Dll = 12(1 _ 1/2) <<90./4> + <\/a>> y D12 = VD117
3
Doy = Ehe® <¢2\/E> ,  Des = ,uli; <\/E> :

As follows from Eq. (35), among the extension stiffnesses the largest ones are
Agy and Agg, while Ay and A, contain small factor (h/e)?:

n\? n\?
All ~ A12 ~ <€> A22 ~ (E) A()'G' (36)

This corresponds to softness of the corrugated plate in the direction of corru-
gation. Similarly, for bending stiffnesses, the largest stiffness is D5, and

A 2
Dll ~ D12 ~ (5) D22 ~ D66' (37>

Among the coupling stiffnesses the largest one is By, while

h 2
Bll ~ BlQ ~ <8> BQQ ~ B66' (38>

The equivalent plate stiffness for symmetric corrugations have the form:
En?
A T A An = BV,
puh ER3
Ags = —=, Dn= ,
Ve T 12(1-02) (Va)

Diy = Bhet (2Va), Dio =2 (a).

All

Dy = vDyy, (39>

Comparing to the results from previous studies, we can see that Seydel [24]
obtained the correct bending stiffnesses except D15 in Eq. (9), Briassoulis [18]
obtained the correct bending stiffnesses except Dy and Dgg in Eq. (10). Xia
et al. [19] obtained the correct bending stiffnesses except Dsy in Eq. (11).

11
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As far as extension stiffnesses are concerned, the commonly accepted formulas
in 1960-70s, Eq. (12), are correct if T? is defined as half of the average of
x2 over the corrugated profile, i.e. T? = M The modified extension
stiffnesses in Eq. (13) by Briassoulis [18] are in fact wrong. The first three
formulas of the extension stiffnesses by Xia et al. [19] in Eq. (14) are correct
if higher order term in A;; is neglected. A is approximately correct as the
term ﬁ — ﬁ is very close to unity for normal materials.

Most of the previous studies focused on obtained the equivalent plate stiff-
nesses without paying attention to the local stress/strain field within the orig-
inal corrugated structure, expect Briassoulis attempted to recover the local
stress based on the forces and moments obtained from the equivalent plate
analysis in [18]. Such relations are derived based on an assumed sinusoidal
corrugated profile. However, as we have already shown that half of the equiv-
alent plate bending and extension stiffnesses from [18] are not correct. The
accuracy of the recovery relations can only become worse. Hence, Briassoulis’

recovery relations are not listed here and compared with ours.

3 Shell Formulation of Corrugated Structures

The thin-walled corrugated structure can be accurately described by the clas-
sical shell theory. Here we summarize the basic equations. We choose a Carte-
sian coordinate system x; with basic vectors e;. Throughout the paper, Latin
indices run through the values 1, 2, and 3; Greek indices assume values 1 and
2, and summation is conducted over repeated indices except where explicitly
indicated. The position vector of the shell mid-surface can be considered as a
function of coordinates x; and x,:

I'(l’l, IL’Q) = {L‘lél + ZL‘QéQ + I’gég. (40)

If there are corrugations along both x and y directions, x3 is a function of
both coordinates x; and x5. Herein, we restrict our consideration to the case
of periodic corrugations in one direction, x, as in Fig. 2. The tangent vectors
a,, of the shell surface can be obtained by differentiating the position vector
with respect to x,, a, = 0r/dz,, so that

a; = é; + p(x)es, ap = éy, (41)
with
ola) = D) (42)
For brevity uses, we also write a, = 7' &;, which implies
ri=1 1ri=0, ri=p@®), ri=0, =1 r=0 (43)
12
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The metric tensor of the shell surface, a,s, defined as
(o = Ay - A5, (44)
that is
ann =1+ ¢?% ap =0, ag =1, a = det |laqs|| =1+ @  (45)

The contravariant components of the surface metric tensor a®? are the com-
ponents of the inverse matrix to the matrix ||aqsg||, i.e. a®’a,5 = 8o, 04 being
the two-dimensional Kronecker symbol. We have from Eq. (45)

1
ol

=1 a?=0, a?=1 (46)

The normal vector of the shell mid-surface is:

A a; X az —¥ ., 1
n—
a

—e; + 7&3, (47)

la; x as]  Va Va

or in terms of the components,

1
ny = —i N9y = 0, ng = ﬁ (48)

The second quadratic form of the shell mid-surface is defined as

Oa
bog = —— - . 49
5= Guy 0 (49)
Hence, we have
1 d
b= =", by = by =0,
bl_ 1d90 2_b1_b2_0
1 ag/g@? 1— Y2 = Y27

where bg = a*7b.5.

The Christoffel symbols can be found from the equation:

1 8%5 8& k) aaa
F'y S ¥4 B o B ) 1
of 2(1 (81:5 * 0z, 8%) (51)

Using Eq. (45), we obtain that all components of I') 5 vanish except

1 da 1 dlna
M=—-—== 52
W oadr 2 dx (52)

13
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According to the general theory of periodic structures [43, 44] (see also [45]
chapter 17), the functions describing the behavior of the shell should be con-
sidered as functions of the cell coordinate X, and slow coordinates x, and y.
All the geometric characteristics we just introduced are functions of X only,
e.g.
ry=e0(X), p(x)= 20X

1 dy 1 1 dy 1 1 dlna (53)
U TeadX v ead2dX’ M T 2 dX

Let u;(X,z,y) be the components of the displacement vector. The extension
strains 7,5 and bending strains p,g are expressed in terms of u; as follows [45]:

T
B o,

2Vag =1t —
YaB aaxﬁ

0 o’ 0 ou’ ou’
2008 = D (nj@xa> +’a$a (ni8$5> _’ZFgﬁndalw+’0(67abg‘Fevﬁbg)
(54)

where e,3 denotes surface Levi-Civita tensor (e;; = e = 0, €12 = —ea1 = V/a).
0 is the angle of rotation of the surface elements around the normal vector:

1 - Ou; - Ou;
0 = P —ry— 55
2\/5 ( 1(9(132 281’1 ( )
Note that u* = u; because u; are the displacement components in the Cartesian
coordinate systems e;. While v,5 and p,s are tensor components in surface
coordinates, and, therefore the components with upper indices acquire addi-

tional metric factors. Because X is related with x = z; according to Eq. (2),
the derivative with respect to x1 can be expressed as

O = or 8X%‘“:Con8t + %‘chonst = gui + U1, (56)

; 1 Ou; o Oy o— Oup _ Ouy
with uj = 55|, _const and w1 = 52| x_const- We also denote u; o = g = .

The elastic behavior of the shell is governed by its strain energy density which
is given by the following expression:

2
O =ph (0 (aa57a5> + aaﬁa’yafYavﬂyﬁé)

ph? o8 \2, a
MDY <0 (a ﬁPaﬁ) +a ’Bawpmpﬁé) :

(57)

Here in Eq. (57) p = E/2(1 + v) is the shear modulus, v the Poisson’s ratio,
and 0 = v/(1 —v). The first part is the extension energy and second part the

14
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bending energy. The strain energy of the unit cell can be written as

J=(®Va)
1 2 L, 2, 2
=(phvalo (&’yn + 722) ToaTn T Vi T
h? 1 2 1 2
+ <12\/5 (a (apu + 022) + ?P% + api + 032 (58)

:<uh\/5 <(1+g) <7a“ +u'm>2 i (1 +20) 2+ z”ﬁz>>

1+o
,LLh3 P11 2 1+ 20 2
+ <12¢5 (“ vo) (Ot vem) 4 (T ) bt

with v = /(1 + o). Here the material parameters y, o and the shell thickness
h could be functions of X, but for simplicity, we assume that they are constant.

4 Asymptotic Analysis of the Shell Strain Energy

To model the corrugated structure by an equivalent plate, we start by setting
for the shell displacements the presentation following from the general theory
of periodic structures [43, 44]:

ua (X, 2,y) =va(2,y) + eta(X, 2,y),

ug(X, z,y) =vs(x,y) + ev3(X, x,y). (59)

In fact, this is a short cut, and Eq. (59) can be derived by the variational
asymptotic method [45], chapter 17.2. In Eq. (59), v; have the meaning of the
effective plate displacements, and ); are some functions which are periodic in
X. Without loss of generality, we can define v; as the average of u; over the
cell:

Then, obviously,

(i(X, 2,y)) = 0. (61)

Substituting Eq. (59) into Eq. (54) and using Eq. (56), we obtain for the strain

15
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measures:

Y11 =v1,1 + @31 + )+ s +e (Y11 + sa),
27912 =U12 + Va1 + @Us o + Uy + € (P12 + a1 + ©32),
Va2 =22 + €22,
1 1 va (U Y
=Ul - —(na)U, + U1 = |—=] +U (62)
P11 -1 28(11@) 1+ U1 - <\/5> + U1,

/

1
2[)12 :ULQ + U2,1 + *Ué + 903/2 \/59,
3 ga

p22 =Us .

Here comma in indices denotes derivatives with respect to x,,, prime the deriva-
tive with respect to X. Besides, we introduced the notations,

Uy = ni(vig + 1) + ns(y 4 vs1) +e(nuhnn + nsibs ), (63)
Uz = nyv12 + ngvsg 2 + €(nihr2 + natds o). (64)

Rotation 6 can be found from Eq. (55),

2v/al = V12 — V21 + QU3 2 — Yy + (P12 — a1 + P32).

Our objective is to construct an equivalent plate model, i.e. the equations for
v;. To this end, assuming that v; are known, we seek for the expression of 1;
in terms of v; and their derivatives.

4.1 Step 1: discarding doubtful terms

Following the variational asymptotic method, we drop all the terms that are
asymptotically small in terms of known small parameters in the energy func-
tional. To model the corrugated structure as a flat plate, we implicitly as-
sume that the corrugated plate is formed by many cells, we have ¢/L < 1,
where L is the characteristic length of macroscopic deformations. Due to the
smallness of £/L, we can drop in the energy the terms associated with deriva-
tives ¥11 + w131 in 711, terms associated with 191 in 279, terms associated
with Uy in pyq, terms associated with Usp in 2pqs, terms associated with
n1t1 1 +ngips in Uy, terms associated with 191 in 24/af, and Us 5 in pes. How-
ever, the terms containing (¢; +@i3)the 2, ¥y (P12 + ©32), (1197 5 +n3135)1%
and (n191 2 + n3tbs 2)h are doubtful as we do not know the relative orders of
1; and there is no clear larger terms than these terms. As suggested in [45],
we will first discard them and later to check whether they are indeed asymp-
totically smaller that the terms we keep. The leading terms of the energy in
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the first approximation are
2
_ gis! 1420 2 2/ 5\2
o= (v (Bams) s (F22) (272 02
2
wh? oY 1+20 2 2/ 0\2
+<uﬁ<(1”><+ vp ) (T ) () + = (o)

(65)
with
) =vi1 + pusa + Y] + i,
2905 =v12 + V21 + PU32 + U,
732 =22,
0
ph = \/_ Ui ) (66)
£ \/E
1
2p(1)2 - 2 3/2 \/_80
Ph —O~
and

U = na(vrg + 1) + ns(¢h + vs 1)
Ug =MN1V1,2 + n3v3 9 (67)
2/af’ = V12 — Va1 + QU3 2 — Uy

Substituting Eq. (67) into the bending strains in Eq. (66) and considering

/ !
- r - r —pY
ng —nip = va m=sn Ny = g (68)
we have \/_ / )
4
PO (¢3 a 11) 2P(1)2 = _m@ﬁg) (69)

Y955 P95 do not 1nv01ve Vi, 279, 200, involve 1)y only, and Y, p?; involve vy, 1)3.

Let us focus on solving v first. The strain energy in Eq. (65) related with )y

o= g (ot 5 ot -

We need to minimize 2vY,,2p% in Eq. (70) over periodic functions t;(X)
subject to the constraints Eq. (61). The constraints can be taken care of
by introducing the Lagrange multipliers. The corresponding Euler-Lagrange

equation is:
1 0 oo ¢ /
<\/a (2”12 BRTRAE =0 B halt (71)
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along with boundary conditions

1 0 h? o ¥
[1h2] =0, % 2715 — E2P12 2ea3/? =0. (72)

with the square brackets denoting the difference between the end values, for
example [1hs] = tho(3) — ¥a(—21). The second condition in Eq. (72) leads to
Ay = 0. Hence:

1 h2 Qpl

7 (27?2 - 122'0[1)225a3/2> = Ca. (73)
Thus: Ja
ac

27?2 = 7/;27 (74)

L+ 4§€2a3

ac
V1 + V21 + QU3 + U5 = \/;/22,12- (75)
1+ 48¢2%qa3

Integrating Eq. (75) over the cell length, we obtain the constant cy:

a
V12 + V21 = < \/;zhz > Ca, (76)
L+ 482203
Coy = 041(?}1,2 + U271). (77)
Integrating Eq. (75) with respect to X both sides, we have
X \/ECQ
wg = —X(ULQ + 11271) — ¢’U3,2 + 0 md}/ + const. (78)

Considering the constraint in Eq. (61), we can integrate both sides of Eq. (78)
over the cell length to solve for the constant, and the final expression for ¢ is

X acy X Vacy
dey—< 0 ’2h2 dY> (79)

48¢2a3 48e2a3

gy = =X (v12+v21) — QU3 2+ ;

The strain energy in Eq. (65) related with 11 and 3 is:

J1=<,uh\/5(1+a)<%1+ 72> +M1i;3\/5(1+0)<p11+ vpy ) > (80)

Similarly, we use Lagrange multiplier to take care of the constraints of ¢; and
13 in Eq. (61). The corresponding Euler-Lagrange equations are:

/
1 ”7?1 0 h? p(1)1 0 /<P
| — [ =22 =] =X =0
(\/a < o VT T P (81)

0 2 0 ! !
2 0/ VI I Y ol 7 VR N R
(G () i (5 ) 1) =0
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along with boundary conditions

(82)
The third and sixth conditions in Eq. (82) leads to A\; = A3 = 0. Hence:
1 () 0 h* ([ piy 0 "
— (1 [ L. 83
Ja ( a Vg | + 19 \ a + VP a C1, (83)
0 2 0 !
Y (71 0 h* (i o)1
(A — Al - =c3. 84
Va ( u +V722> 122 ( u +VP22> P (84)

Integrate (¢ x (83) — (84)) over the cell length with considering the seventh
conditions in Eq. (82) conclude:

C3 = 0. (85)

Then Egs. (83) and (84) can be simplified as:

0 /
p 12¢pe
<11 + ,032) =G (86)
0
Y C1
(11 + V’YSz) = (87)
Integrate Eq. (86)
0
P 1224
<Cll,1 + l/,0[2)2> = 61? + Cy, (88)

Rewrite Eq. (88) considering Eq. (69)
! 12
<¢g — i”y?l> = (clmxg\/a + 04\/5> : (89)

Integrate over the cell length with the fact [@Dé — 5791} =0, ¢4 is:

12 (231/a)

= _= ) 90
N TR A o
Integrate Eq. (89) considering ¢y,
%) 12¢2
'lbé — E’}/?l = —?ClA + Cs. (91)
19
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X (87) + (91) gives

crp 122
Vs + vpye, = % — 701./4 + cs, (92)
Integrating over the cell length, we obtain
12e2
Cs = —C1 <\>pa> + 7C1 <A> . (93)

Substitute ¢; into Eq. (92):

, 0 © ) 12¢?
= (- () - s o
Rewrite Eq. (87) as

V11 + puss + U1+ il = civa — Va'ygg, (95)

Substituting Eq. (94) into Eq. (95), we have

, 1 © 12¢2 A—o0(A 96
Y| = —(v11+ V0904 pUs 1)+ \/5+(’0<\/5 + 12 c (¢ ¢ (A)) (96)

Integrate over the cell length:

12¢2

oA +a( 72, (o7)

which can be used to solve for ¢; as

V11 + VU0 =

(V11 + vv22)

Cl = — C (98)
Integrating Eq. (94) both sides with respect to X, we have
X
0 ' ¥
_ FPay —x {2
¢3 VQS,YQQ + C1 (A \/— <\/a>> (99)

126

</ AdY — X(A>>+const.

Considering the constraint in Eq. (61), we can integrate both sides of Eq. (99)
over the cell length to solve for the constant, and the final expression for 5 is

s = yquﬁcl(/ SOdYX</ SOdy> <55>>
125 </ Ady — </0 AdY>—X<A>>-

20
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Integrating Eq. (96) both sides with respect to X, we have

X 1 0
Yy = — (Xvig +vXvgo + ¢vs1) + ¢4 (/0 \/Edy+¢<\/5>>

(101)
128 </ PAdY — ¢ (A >>+const o

Considering the constraint in Eq. (61), we can integrate both sides of Eq. (101)
over the cell length to solve for the constant, and the final expression for 1, is

P = (XU11+VXU22+¢U31

ra([ - m) o)
+1}2; o ([)X@AdY—</O goAdY>—¢<A>>

4.2 Step 2: corrected with doubtful terms

Inspecting Eqgs. (79) and (102), we find out that there are ¢uvs, contained in
these two functions. This means we cannot drop the aforementioned terms,

(V] +@3)a2, ¥y (Y12 + 032), (M 5 + 13ty 5)15, and (nith12 +nais2) 'ty
completely, but should keep the major contributions contained in these terms.
In the same way, we also need to recover those terms which are of similar
orders into the strain expressions. Thus, for 79, we recover —z3v3; from the
neglected term e ;

Y =v11 — T3vs11 + posg + Y] + ey (103)
For 279, we recover —2z3v3 15 from the neglected terms (1 5 + 12 1)
290y = V12 + V21 — 2230312 + YUz 2 + V) (104)
For 782, we recover —r3vs g2 from the neglected terms £, 5
Yoy = V22 — L3032 (105)

For p(l’l, we recover (n3 — ni1p)vs 11 = y/avs 11 from the neglected term Uy q

ph = \é— (\%) +Vavs (106)

For 2pY,, we recover (y/a + n3)vs 12 from the neglected terms in Uy 5 + Us

1 /
20} = (Va+ n)vsa + U + 5o /at” (107)
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For p9,, we recover n3v3 12 from the neglected terms in Us o

Pho = 303,29 (108)

For UY, we recover —x3v3 11 from the neglected term ey 4
UY = ny(v11 — 230311 + U1) + na(vh + vs1) (109)

For U20 , We recover —x3vs 12 from the neglected term ey o
Uy = ny(v12 — T303,12) + 3032 (110)

For 6", the major terms contributed from the neglected term e(¢);2 — 1)
cancel each other, so that

2\/660 = ULQ — U2,1 + 90’03’2 — w; (111)

Using Egs. (109), (110), and (111), we can rewrite the bending strains as

!
Pl = \/_ <¢3 . ?1) + Vavs 11,
(pl
2p% 22\/503,12 - W@W?z)? (112)
1

0
P22 =—7="U322.
Va

Substituting this new set of strain measures into Eq. (65), we need to carry
out the solution procedure again. Most of the equations starting Eq. (70) to
Eq. (102) remain the same, except the following changes.

Eq. (74) is replaced with

\/—02 + h2y’ vz 12
29 = St (113)
1 + 48¢2a3

Eq. (75) is replaced with

2, ./
\/ECQ + b2 vs1z vz,m
V19 + Vg1 — 2230312 + PU32 + Py = I @/2,1135 . (114)

48¢2a3

Eq. (76) is replaced with

h2y’
a
V12 + V21 = <\/_,2h2> Cco + <112fp‘,‘2h2> U312, (115)

1+ 48¢2q3 48e2q3
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with ¢y defined in Eq. (20).

Eq. (78) should be replaced with

I dY +const.
48&2 3

X acy + h2¢'vs.12
Py = —X(U1,2+02,1)—¢U3,2+2/0 $3dYU3,12+/ \/_ o

(116)

Eq. (79) should be replaced with

X X
¢2 = — X(’Ul’g + U271) - ¢U3,2 + 2 (/ Ing - <A l‘ng>> V3,12
/ \/_62 + . fQsz dy — < \/_62 + . f2:212 dY> _
0

o'2h2 02h2
48 23 L+ 48¢2a3

(117)

Eq. (89) should be replaced with

! 12
<¢3 711) = <clh2x3\/a+ civa— (vs 11 + VU3,22)> : (118)

with ¢4 defined in Eq. (21).

Eq. (91) should be replaced with

12¢2 X Vady
wé — %fy?l — —?clfl + e (% — X) (’03711 + VU3722) + Cs. (119)

Eq. (92) should be replaced with

cp 122 (fOX\/EdY
clAte | = F=—

wS + V90722 \/a B2 <\/a> - X) (U3,11 + VU3,22) + Cs. (120>

Eq. (93) should be replaced with

(e e Ve
cs = 1< >+ 2 1 (A) ) (V3,11 + Vv3.22). (121)

Here, notice (px3) = 0.
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Eq. (94) should be replaced with

o= vortpra (G- (£)) - Bata-
- (Jb VadY — <ﬂ) Vﬂid}/> __)() (0341‘+'V0322)

(Va)

Eq. (95) should be replaced with

! / 0
V1,1 — T30311 + QU3 + Y] + iy = civa — vays,.

Eq. (96) should be replaced with

Yy = — (V11 + V22 + pus ) + 23(vs 11 + VU322)
1 12¢2

+a <\/5+90<j5>> +?cl(gpA_¢<A>)
. (WOX vady — o ([ vady)
(Va)

Eq. (97) should be replaced with

2

€
12 c1 (pA) + 53(’03,11 + m)g,22) + 1 <

V11 + Vg =

)

with the constant B

- SOX) (U3,11 + V'Ug,zQ)-

_ (¢ ;" Vady) - WVa) fi Xde¢ — fé & Jady d¢
B= (<<,0X> E— = 7
(vay (Xolf, — () — ¥ Vadvolt, + (Vas) | a

(Va) (Va)

Eq. (98) should be replaced with the definition in Eq. (19).
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Eq. (99) should be replaced with

" paady TPy o x (¥
w3——V¢02,2+V/ T3 03,22+01</0 Nl <\/E>>

128 (/ AdY — X <A>> + const (127>
.. fo Jo VadzdY = X (f;* Jady)  x? (a1 4 )
<\/a> 2 3,11 3,22)-

Eq. (100) should be replaced with

Wy = — Uvas + v ( / * gprﬁgdj: _ < /0 * go:vng>> V392
([ )< (2)
125 (/ AdY — </0 AdY> _X <A)>

fo Jo Vadzdy — (fi* Ji VadZdY ) — X ([ Vady) X2 1
€ Ja) 5 + 21 (311 + VU3 22).

(128)

Eq. (101) should be replaced with

X
Yy =— (Xvig +vXvgs + ¢vsy) + / x3dY (vs 11 + VU3 92)

+01<0X\;_dY+¢<\/a>) 125 (/ P AdY — ¢ (A >>+const

adZdY — ¢ ( [5X adY X
. (fo Sofo Va 0 ¢<fo \/_ _/0 ngdY) (V311 + VU3 22).
(129)
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Eq. (102) should be replaced with

X X
Yy = — (Xvig +vXvao + ¢vsq) + (/0 r3dY — </0 953dY>> (V311 + VU3 22)

+c1< de </ dY> <fa
128 (/ ALY — </0 gpAdY>—¢(A))

(fo o fy Vadzdy — (X ¢ Jy VadzZdy) — ¢ (i v/adY')
(Va)

X X
—/0 eXdY + </0 gonY>> (V311 + VU3 22).

4.8 A short cut derivation

(130)

The same results can be derived in a more intuitive and straightforward way,
starting from the assumption that the shell displacements can be presented in

the form:

UQ(X,JC, y) :UQ(CE, y) - x3<X)U3,Ol + ng(X7 x?Z/)
uz(X, z,y) =vs(z,y) + 3 (X, z,y)

Then the derivation proceeds as follows for shell strains. We have

Y11 =v11 — 30311 + P+ s + e (ﬁ; + @¢§,1) ;
2712 =V12 + Va1 — 2230310 + U5 + € (?ﬁiz + 5, + (ngg) ;

*
Yoo =Vg2 — T3V322 + 5%,2,

1 1 a (U
P11 ZEU{ - 2—5(1na)/U1 +U = [ (\/15> + Ui,

1 /
2,012 :ULQ + U2,1 + *Ué + SD?)/2 \/E@,
g ea
P22 :U2,2,

with

Uy = ny(vr,1 — 230311 + 977) + gy’ + Vavsy + e(myy + naiy ),

Uy =ny (U1,2 - $3U3,12) + N3vz2 + 5(7111/’?2 + n3¢§,2);

and rotation 6,

2v/a0 = vy 5 — a1 + 20035 — U3 + (VT4 — U3, + 3 ,).

26

Please cite as: http://dx.doi.org/10.1016/j.iisolstr.2014.02.025

(131)

(132)

(133)
(134)



Version before publication

The extension strains contributing to the leading terms of the extension energy
Eq. (58) are

ot =v11 — T3v311 + *] + oYy,
270 =19 + va1 — 2730319 + V3, (135)

0
Yoo =V22 — XT3VU322.

The bending strains contributing to the leading terms of the bending energy
Eq. (58) are

a © !
P?l :\/_ (1/1:/1, - a7?1> + \/5U3,117

3

(pl
200, =2v/avs 15 — W(Q%%), (136)
1

0
P U3,22-
22 \/Qi

These leading strain measures are the same as those in Egs. (103), (74), (105),
and (112) if

€ = eVl — X303 4 g3 = ey (137)

With these relations, the displacement field in Eq. (131) is also the same as
those in Eq. (59). The solution procedure for ¢ is exactly same as the second
step in the previous section if the relations in Eq. (137) are plugged into the
equations starting from Eq. (113) all the way to Eq. (130).

5 Equivalent plate energy

Now, everything is ready to compute the equivalent plate energy. It is con-
venient to split the first approximation of the the strain energy in Eq. (65)
into three parts. J; is associated with energy in Eq. (80), J; with energy in
Eq. (70), and J3 with energy

hi= (/a1 + OB+ AR P ). 139

Let us compute J; first. Using Eq. (87) and Eq. (88)

3

Iy = <uh\/5(1 +0) (\%)2 + “f;\/a(l +o) <cllif3 + c4>2>. (139)
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Substituting Eq. (21) and Eq. (19) into Eq. (139), J; becomes,

B 1 eB(vs11 + vusae) — (v11 + vugo) ?
Ji —<uh\/5 (1+0) ( C
/th _ (Ul,l -+ V'UQ’Q) 12
+—12 Va(l+o) ( — h2( —eB)

+ ( <\}5> + fjf(xg - 58)) (v3.11 + VU3722>>2>

=(vi,1 + o) u(l + )55 ( < > )
(

(s v h(1+0) (T <}> + ’fz S A+ )
— (V11 + va2)(vg11 + Vg 90)ph(1 4 o) (2855 <1a> + 2:21262 (pA)
(140)
Note
e (a2 VAT (Va(es —eB)) _

Rewriting Eq. (70)

Jy = “2 h < "G ((2%2)2 (2\/‘ @10 — 903 /22712>2) > (142)

Substituting Eq. (113) and Eq. (20) into Eq. (142),

,uhozf< Vva >
Jo =(v1 9 + v91)? -
Pl ( 2 \(+ 25

h4 12
L <\/_h2 11222%—@0‘5> (143)
V31275~ Gy
2 3 \/a L+ 4%52}23
a
— (V1,2 + v2.1)vg 12ptha O <1\/_ ,/2h2> .
48¢2q3

Substituting 79, in Eq. (135) and p, in Eq. (136) into Eq. (138),

Js :US,Qﬂh(l +v) <\/E> + U32,,22Nh(1 +v) <<\/5:U§> + ;LQ <\}E>> (144)
— U272’U3’222,U/h(1 + V) <\/EZL’3> .
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If we set
€xz = V1,1, €yy = V22, 264 =V12+ V21, (145)
Rgr = —U311, Ryy = —U3,22, Ragy = —U312,
in
T _ _
Exx Ay Ay 0 By Bis 0 €z
Eyy Alg AQQ 0 Blg BQQ 0 Eyy
1 | 2e, 0 0 Ag 0 0 B 26,
J— 5 Ty 66 66 Ty ’ (146)

Ry By B2 0 Dy Dis 0 Ry
Ryy Blg BQQ 0 D12 D22 0 Ryy
2/‘63311 L 0 0 B(,() 0 0 DGG_ 2K/Iy
We obtain the relations for the equivalent plate stiffnesses as listed in Eq. (15).

6 Recovery relations

The equivalent plate stiffnesses constants can be used as inputs to carry out a
plate analysis, either analytically or numerically, to predict the plate displace-
ment field (v;) and strain field (€4, €4y, 262y, Kazs Kyys 2K4y). This information
can be used first to recover displacement field in the original corrugated shell
using Eq. (59) with v; solved previously in Eq. (130), (117), and (128). Usually
it is more critical to know the strain field and moment field within the original
corrugated shell which can be obtained from Eq. (135) and Eq. (136) as those
given in Eq. (18). The stress resultants can be recovered using the constitutive
relation corresponding to the strain energy in Eq. (58), which can be used to
further recover the three-dimensional (3D) stresses based on the relations of
the starting shell theory and the three-dimensional elasticity theory. Following
[46], the 3D strain field can be recovered as

Log = 725 + y3pg;37 Loz =0,

v 147
Pag = —5—— (v + 95 + sl +4%)) - (147)
—v
and the 3D stress field can be recovered as
F
o1 = m(ru + vly),
E
099 = —— (9o + vI'11),
22 1_V2( 22 11) (148)
F
=— 9T

033 = 013 = 023 = 0.
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with y3 as the thickness coordinate of the shell along the transverse normal
direction.

7 Validation examples

In this section, two shapes of corrugations are studied. One is a sinusoidal
corrugation which represents the symmetric case with no coupling effects,
and the other is a exponential-sinusoidal corrugation which is an example
of the nonsymmetric corrugations thus exhibiting coupling effects. For the
sinusoidal corrugated plate, we also analyzed the original structure directly
using the finite element analysis software ANSYS. The recovered displacement
and strain fields are compared with the present approach.

7.1 Sinusoidal Shape

The mid-surface of sinusoidal shape,

o(X) = Zsin(ZWX), (149)

is characterized by one parameter, T, the rise of the corrugation (Fig. 3). From
the definition of ¢(X) (Eq. (6)),

2nT
o(X) = 5 cos(2rX). (150)
€
For numerical values we choose ¢ = 0.64 m, 7" = 0.11 m, h = 0.005 m and
material properties are taken to be £ = 30 GPa, v = 0.2, p = 7830 kg/m3.
Clearly we have h/e < 1.

The equivalent plate stiffnesses obtained using different approaches are listed
in Table. 1. VAPAS is a code introduced in [47] for equivalent plate modeling
of panels with microstructures starting from the original 3D elasticity theory.
Corrugated structures can be considered as a special case of such panels and
the results obtained can be used as benchmark for the present study. For the
corrugated profile under consideration, (¢y/a) = 0, and there is no extension-
bending coupling. It is seen from Table. 1 that the results obtained by the
present approach are very close to those predicted by VAPAS and Xia et
al. However, the differences between the present approach and the commonly
accepted formulas for A;;, Ajs are noticeable. Note, in this table, we used
D15 = vDyy from Eq. (10). Formula (13) gives A;; = 39639 N/m, which is
also well off the correct result.

30

Please cite as: http://dx.doi.org/10.1016/j.iisolstr.2014.02.025



Version before publication

Table 1
Equivalent plate stiffnesses of sinusoidal corrugation.
Egs. (9)(12) Xia et al.[19] VAPAS Present

A1 (N/m) 53805 47613 48152 47613
Ao (N/m) 10761 9523 9630 9523
Agy (N/m) 1.8708 x 108  1.8708 x 10®  1.8692 x 108 1.8708 x 108
Ags (N/m) 5.0113 x 107 5.0113 x 107 5.0097 x 10" 5.0113 x 107
D11 (N-m) 261.004 261.004 263.972 261.004
Dy (N'm) 52.20 52.20 52.95 52.20
Dy (N-m) 1025270 1068260 1022874 1025540
Dgs (N-m) 162.39 162.39 163.38 162.39

A square sinusoidal corrugated plate with 11 corrugations is subjected to a
uniformly distributed load of 50 Pa in ANSYS. Element SURF154 is overlaid
onto element SHELLG63 of the corrugated area to enforce the load directions.
To satisty simply supported boundary conditions, besides constraining out of
plane movements of four edges, the displacements along four edges are under
constraint simultaneously. The deflections of the sinusoidal corrugated plate
is shown in Fig. 4. The analytical equation of the deflection as an orthotropic
plate [48] is in Eq. (151) with Dy, D12, Dgs, Das obtained previously.

_ 16py & & sin[mmax /r] sin[nmwy/s]
U3(557y) - 6 mZ:h; mn (D1T14m4 N 2(D12+i€f26)m2n2 i Diir#). (151)

where pg is the pressure, r,s the length and width of the whole corrugated
plate, m, n the odd number sequence. The local deflections u3 can be recovered
by Eq. (59) and Eq. (128). The local deflections along the center lines of the
corrugated plate (z = 3.52m) obtained by ANSYS and current approach are
shown in Fig. 5. An excellent agreement is achieved.

Furthermore, 3D strain fields can be recovered based on Eq. (147). By choosing
ys = h/2, 0, — h/2, the top, the middle, and the bottom strain fields of the
shell can be obtained and compared with those from ANSYS respectively.
Again, we choose the position along the center lines of the corrugated plate
(x = 3.52m) to compare I'yy and I's3 from ANSYS and current approach, as
shown in Fig. 6 and Fig. 7. Again, one can observe from this figures that
our theory can correctly predict the local fields within the original corrugated
structure.
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SIMPLY SUPPORTED CORRUGATED PLATE UNDER PRESSURE

Fig. 4. Deflections of a sinusoidal corrugated plate calculated in ANSYS.
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Fig. 5. Deflections along the center line show the good agreement between current
approach and ANSYS.

7.2 Exponential-sinusoidal Shape

In the second example, a non-symmetric corrugated shape is chosen to show
the coupling effects. We use an exponential-sinusoidal function with unit cell
length ¢ =1 m,

¢(X) =7 (€Sin(27TX) . <eSin(27rX)>> ’ (152)
as sketched in Fig. 8. An additive constant is added to satisfy Eq. (4). A

plot of the dimensionless parameter By, /(Ehe) as a function of 1 is shown
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Fig. 6. Comparison of I'ss between ANSYS and current approach.

0.000007]

0.000004

0.000009

0.000004

0.000003

—— ANSYS (Top)
———————— ANSYS (Middle)
- ANSYS (Bottom)
®  Current (Top)
® Current (Middle)
Current (Bottom),

0.000002

0.000001

0.0000000 =

Fig. 7. Comparison of I's3 between ANSYS and current approach..

in Fig. 9. We choose thickness h = 0.005 m and material properties £/ =
30 GPa, v = 0.2. Equivalent plate stiffnesses obtained by different approaches
are listed for comparison in Table 2. Since the corrugation is not symmetric,
the rise of the corrugation 7' in Eq. (12) is measured as half of the total
swing. Apparently, the extension-bending coupling, particularly the coupling
coefficient By, between vgo and wvs a9, is not negligible comparing to other
stiffnesses terms as 7 grows larger. For the other stiffness constants, the four
sets of results also have noticeable differences for which the present approach,
VAPAS and Xia et al. have a better agreement with VAPAS than the results
in Egs. (9)(12) except Ay; and Aj.
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Fig. 8. Shapes of nonsymmetric corrugations for different values of parameter 7.
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Fig. 9. Coupling coefficient Bas/(Ehe) as a function of 7.

8 Conclusion

The variational asymptotic method has been used to construct an equivalent
plate model for corrugated structures. The theory handles general corruga-
tion shape as long as original structure is thin and can be described using
the classical shell theory and the length of a single corrugation is small with
respect to the characteristic length of macroscopic deformation of the corru-
gated structure. The present theory not only present a complete set of effective
plate stiffnesses but also the complete set of recovery relations to obtain the
local fields within the corrugated shell. In comparison to other approaches in
the literature for equivalent plate modeling of corrugated structures, the new
points of this work are:

(1) The variational asymptotic method of an asymptotic analysis of the strain
energy does not invoke any ad hoc assumptions.

34

Please cite as: http://dx.doi.org/10.1016/j.iisolstr.2014.02.025



Version before publication

Table 2
Equivalent plate stiffnesses of exponential-sinusoidal corrugation (n = 0.1).
Egs. (9)(12) Xia et al.[19] VAPAS Present
A1 (N/m) 47139 43765 46366 43911
Az (N/m) 9427.89 8753.09 9273.22 8782.20
Asr(N/m)  1.6759 x 108 1.7088 x 108  1.7072 x 10® 1.7088 x 10%
Ags (N/m) 5.5942 x 107  5.4865 x 107  5.4846 x 107 5.4866 x 107
B (N) N/A N/A 225.98 204.26
Bz (N) N/A N/A 42.644 40.851
Bas (N) N/A N/A 817802 794841
Dy; (N-m) 291.364 285.757 296.106 286.707
D1y (N-m) 58.273 57.151 59.679 57.341
Doy (N-m)  1.3297 x 10%  1.1622 x 106  1.1122 x 105 1.1157 x 10°
Dgs (N-m) 145.47 148.33 153.29 148.33

(2) A complete set of analytical formulas for stiffnesses of the equivalent
plate including extension-bending coupling stiffnesses are obtained. These
formulas are valid for any corrugated shell with corrugations along one
directions.

(3) We presented the complete set of recovery relations for the displacement,
strain, and stress fields within the original corrugated shell in terms of
the equivalent plate behavior.

The difference of the present approach is demonstrated through a couple of
simple examples.
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